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It has been proved that localized approximation (LA) is the most efficient way to evaluate the beam shape
coefficients (BSCs) in generalized Lorenz—Mie theory. The BSCs are usually expressed in the form of multiple
summations of an infinite series of terms, which is cuambersome to calculate, and the infinite series is frequently

slowly convergent. In this paper, we present a compact expression of the BSCs for an elliptical Gaussian beam
based on the LA that is more convenient and efficient for numerical computations. A comparison with the

integral LA is made, showing the reliability, stability, and efficiency of the presented formulation.
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1. INTRODUCTION

Historically, with the laser coming out and the broad application
in the field of optical particle characterization [1], the classical
Lorenz—Mie theory failed to accurately describe the scattering
characteristics of the scatterers, which spawned the development
of the generalized Lorenz—Mie theory (GLMT). During the last
three decades and more, the GLMT has been developed to a
state of maturity through unremitting efforts of members of
the light-scattering community worldwide [2-7].

The core problem in GLMT lies in the evaluation of the
beam shape coefficients (BSCs). The BSCs can be evaluated by
using quadrature [8-10], finite series [11,12], localized
approximation (LA) and its modified versions [13-22], and in-
tegral localized approximation (ILA) [23]. Historically, the first
method to evaluate BSCs was that of using quadrature. This
method is flexible because only kernels have to be changed
when the description of the illuminating beam is changed.
However, it is time consuming due to the spherical Bessel func-
tions and associated Legendre functions involved in the inte-
grands possess complex oscillatory behaviors. The LA is time
saving; however, it is not flexible. The integral localized
approximation holds the advantages of flexibility, high speed,
and stability. Actually, the essential distinction between the ILA
and the LA is that the former keeps the form of the integral over
the azimuthal angle but the latter transforms this integral into
a form of multiple summations of infinite series of terms for
a certain shaped beam. Within the ILA, the variation of
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integrand via ¢ is strongly oscillating especially when the index
of the azimuthal mode is large. From the viewpoint of numeri-
cal integral, subtraction between large numbers may result in
loss of significant digits in the computation of BSCs.

The localized beam models go through a process of continu-
ous improvement and perfectness before maturity; see [4,22,24]
and references therein. Different versions have been developed,
such as the original localized approximation (OLA) [14] and the
modified localized approximation (MLA) [16,17,19,21,22].
Usually, the BSCs for a certain shaped beam are expressed in
terms of double (or triple and even quadruple) summations
of infinite series of terms depending on the characteristics of
the beam [21,22,25], which is cumbersome to calculate, and
the infinite series is frequently slowly convergent. It was observed
from numerical calculations that the LA lacks stability when the
partial wave number 7 becomes high [23]. Nevertheless, there is
some evidence showing that the expression of the BSCs obtained
with the LA can be further simplified so as to speed up and sta-
bilize the numerical calculation, at least for some special beams.
One example is given by Lock [18], in which a compact formu-
lation of the BSCs is derived for a circular Gaussian beam.
Another example is the evaluation of the BSCs of a high-order
Bessel beam [26,27]. In these examples, the BSCs are given in
terms of Bessel functions or modified Bessel functions.

The objective of this paper is to derive a compact formu-
lation of the BSCs for an elliptical Gaussian beam based on
the LA method. The elliptical Gaussian beam is also called laser
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sheet. Most laser diodes or solid-sate lasers emit elliptical
Gaussian beams. In addition, the elliptical Gaussian beam
can also be transformed from a circular Gaussian beam by using
a cylindrical lens. The use of elliptical Gaussian beams is of
growing interest in measurement techniques relying on light
scattering, such as optical sizing, particle image velocimetry,
and optical trapping and manipulation [28-31]. The paper
is organized as follows. Section 2 derives the formulation of
the BSCs for an elliptical Gaussian beam together with a dis-
cussion of some special cases. Section 3 exemplifies some
numerical results, showing a comparison with the ILA.
Section 4 is devoted to the conclusion.

2. LOCALIZED APPROXIMATION OF AN
ELLIPTICAL GAUSSIAN BEAM

The GLMT uses two Cartesian coordinate systems, Oguvw
and O,xyz, with parallel axes for a standard configuration, as
indicated in Fig. 1, and a spherical coordinate system, (7, 8, ¢),
based on O,xyz. The coordinate O,xyz is attached to a regu-
larly shaped particle, such as the spherical or spheroidal particle,
whose center is located at O,. The coordinate system Oguvw is
attached to the illuminating shaped beam and the beam center
is located at Op. The beam propagates along the positive w
axis. The coordinates of Op with respect to O,xyz are denoted

(xo: Jo» Zo)-

E, = Eqyh (cos ¢ sin 0 - /?a% cos O(r cos ¢ sin 0 - xo)) exp(~ikr cos 6 + ikz)

The procedure to obtain the expressions of the BSCs in the
framework of the localized approximation is described in
[13,14] for Gaussian beams and later it is applied to other
beams [20,25]. It starts by expanding the radial electric and
magnetic fields into azimuthal modes, according to

E =Y Ey
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Y = explim) - 3 E,0,0.0) xplcimpd
HY = explimp) & [3% H, (1, 0,8) expl-imd' )"
The BSCs are then evaluated by [25]
Gty = 2,,5 &7 GLE (1, 0, )} exp(~imep)dep @
gz TE = ZT[HQ f()zn G{HV(V, 9) ¢)} CXP(—Zm¢)d¢

in which the bar designates the localized approximation. The
localization operator G changes the radial parameter k7 to
L'/? and the polar angle 6 to 7/2. Here, k = 21/ is the wave
number and 4 is the wavelength, 2'/2 = 7 + 0.5 in the OLA
and L = (n+ 0.5)? - (Jm| + 0.5)? in the MLA [16,17]. The

normalization factors are given as [22]

n(n+1)i _

m=10

Z;n — n+0. 5|m| 1 . (5)
(L1/z) m#0

An approximate description of laser sheets is introduced and
the involved approximation order is discussed in Cartesian
and spherical coordinate systems in [32]. The radial compo-
nents of the electromagnetic field, in the time convention
exp(iwt), are given as

" , ©
H, = Hyyd (sin ¢ sin 0 -3 cos O(r sin ¢ sin ¢ —yo)) exp(~ikr cos 6 + ikz)
where
i =i,/Q.Q, exp —&(7 cos ¢ sin 0 - x)?
V@GR
- & (7 sin ¢ sin 0 —yo)z}, (7)
Wy,
Q. =i+ 2(r cos 0 - z) / k)] ] g
Q, = [i+ 2(r cos 0 - zo)//ew(z)y]'l ’ ®)

A flexible method to extract the azimuthal modes from the ra-
dial fields is introduced in [23] by using the relation

Azn expli(m - m")p)d¢p = 276, 2

and the azimuthal modes are obtained with

Fig. 1. Geometry of the GLMT.

in which @, and @, are the beam walst radii along the x- and
y-axes, respectively. The parameter wil is taken as a product of

two factors, i.e., yi' = l//0 1//0

O,ssh __ —¢ Qx Q )
= — 0
w2 =i\ [Q.Q, exp [2 (% + wa) 7 sin

(Z+20)] ©

Ox C00}/

y/‘g’Sh = exp{A[eXp(l'Zqﬁ) + exp(-22¢)]

+ 2i (a?zxxo cos ¢ + szo sin (/))rsm 9} (10)

Ox Oy

in which l//o” is ¢p-dependent but sh is not. The parameter

A denotes the nonaxisymmetry of the beam, defined by
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2
4= T8 9<Q2"—Zsz> (11)
4 Wy, @,

Following the same spirit of the localized approximation as for
the Gaussian beam, the BSCs are obtained in terms of triple
summations [25] that are later proved to be unstable in numeri-
cal computation [23]. The following procedure of derivation is
slightly different from that in [25], which allows us to obtain a
more concise formulation of the BSCs. Applying the localization
operator G to the radial components of the beam fields, we have

G{E,} = EO’OSh b os ¢
{G{H}_HO—OSh ¢p,sh sin ¢’ (12)
wy =i/ Q.Q, expliZ, ——(@s + Q)L
- i(Qu2X3 + Q2 1)), (13)
Yo" = exp{Alexp(i2¢) + exp(-i2¢)] + iF sin(¢p + &)},
(14)
Qx - (Z_2Z 52) !
{Qy_(l_zszZ) 1 (15)
i=-"@2-a, (16)

in which (X¢, Y, Zo) = (kxq, kyy, k2¢), s, = 1/kwy,, and

s, = 1/kwy, are dimensionless beam confinement parameters

along the x- and y-axes. 7 and ¢ are defined by
=202\ QX0 + QY% (17)

H — Q.5 Xy
sin & \/(Qﬁ%xo)z+(QnyZ Y)? (1 8)
cos 5 — Qy‘;zr Yy

\/(Q(fzx())2+(Qy 55Y0)?

The factor yy™" in Eq. (14) can be further expanded into a
Fourier expansmn, read as

W= >

pq= ()pq'

! b2 exp{iF sin(¢p + &)} (19)

Inserting Eq. (12) into Eq. (4) and using the l/'/g“h
Eq. (19), we obtain the BSCs as

given in

1
~m _ 1 7my,0sh APt
& ™ _iZﬂ qu 0 plgt { f

-m _ eh Arta
gﬂ,TE - qu 0 Plq! {
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By using the definition of the Bessel function,

1 2
Jp(w) = ZA expli(pgp - u sin ¢)]dep, (21)

Eq. (20) can be further developed into

IZm sh T+
{gnTM Zm Osh - (22)
gn TE WO
where
Ar+a
T+ = Z 24! {]m 1 2p+2q(F) :l:]m+l 2p+2q(F)} (23)
2q=0

Here, ]P(F) = e’P‘f]p (F) is used for simplicity of expression.
Equation (23) can be further simplified by splitting it into three
parts. The first part contains those terms satisfying p = ¢, which
leads to

TE, =3 (g)ziim-m (B (@4
=0 M
The other two parts are those for p > g and p < ¢
g = D520 oy Mt U122y (F) £ Tong1 2ping (F)}
{ Ty = Y0 o At 1 apr2g(F) % T apiag (F)Y
(25)

Lettings = ¢ - pand # = p - ¢, and then changing the order of
summations, Eq. (25) can be written as

] AZers
p<q Z{]m 1+2:(F) :t]m+1+2:(F)}Z '(S +p)|
2 g+t

TE, = Z{/mlz,(F)ifmﬂ_sz)}Z( o @9

Employing the definition of the modified Bessel function, i.e.,

— /2yt
I,(w) = 52, RGrar these three parts can be given as

Ti = ]0(2A){im—l(F) :t]erl(F)}
T;iq =32, LY 142(F) £ J142,(F)} . (27)
p>q Zt 11 (ZA){/m 1- Zt(F) :l:]erl Zt(F)}

Therefore, the final solution of the BSCs is obtained:

" expliF sin(¢p + &) +i(2p - 2g + 1 - m)pldg
exp[iF sin(¢p + &) + i(2p - 2q - 1 - m)@p)ldep }

L zzr exp[iF sin(¢p + &) + i(2p - 29 + 1 - m)@pldgp }

~5 [ expliF sin(gh + &) + i(2p - 29 - 1 - m)¢pldgp

(20)

1 7my;, Osh
&y = 2L

LA s (F) + [t (O] + 220 LA 21 (B) + Tt (B) + T 1 (F) + T 25+1(F)]}

Zie = 5200 {10(2121)[fm1(F) =Tt (O] + 322 LA y2er (F) + Tyt (F) = Tz (F) —jmzs+1(F)]}

(28)
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we have

Or by using the relation 7,(x) = (-i)/] ,(iu),
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&y = 1Zm OSh {]O(D)Um VB + T (O] + 3520 (1Y T (DI 251t (B) + T 1 (B) + a1 () + T 25+1(F)]}

g:ZTE = 1Zm OSh {]O(D)[[m I(F) ]m+1(F)] + Z 1( l)s_].f(D)Um-ﬁ-Z: I(F) +]m 25— I(F) ]m+2:+1(F) ]m 25+1(F)]}

in which

=27 =2(Qu - Q). (30)

Compared with the expression obtained in [25], Eq. (29) is more
compact and very easy for numerical computation.
Special Case I: Gaussian Beam, Off-axis Location
The Gaussian beam case can be recovered as a special case of
the elliptical Gaussian beam (laser sheet) when wy, = w,, =
This leads to D =0 so that the BSCs described in
Eqs. (29) and (30) read as

g,,,TE— IZZZ” {/m—l(F) T (F)}

=iQ exp{iZy - iQ(L+ X2 + Y2)}, (32

F=20'7Q2\/ X2+ Y3, (33)

where Q = (i - 2Zys*) "' and s = 1/kw,. Equations (31)—(33)
are equivalent to the compact formulations derived in [18],
although they are slightly different in form due to the difference
of the time convention and the definition of the BSCs [33].

A more special case is the on-axis location for the Gaussian
beam when X3 + Y2 = 0 and hence F = 0. In this case, all
the BSCs are equal to zero except for those |m| = 1.

Special Case II: Elliptical Gaussian Beam, On-axis Case

The on-axis case for an elliptical Gaussian beam is charac-
terized by @y, # wg, and X§ 4 Y = 0, which leads to D # 0
and F = 0. In this case, the BSCs can be simplified from
Eq. (29) to

gnTM IZm OSh []O(D)(éml +5m ])+Z 1( Z)S]:(D)((sZ:] m+52:m 1 +62: 1 m+5251+m):|
g:ZTE = 1Zm OSh |:]0(D)(6m1_ m,— 1)+Z 1( l)jjs(D)((Sle m+625m1_52: lm_6251+m)]

It is easy to find that all the BSCs of the even azimuthal modes
are equal to zero (i.e., gi{’TM = gffTE = 0) and all the BSCs of
the odd azimuthal modes satisfy the relations ;"1\ = &1y
and g;%tp = -Zrg- For the positive odd azimuthal modes
(say m = 2p + 1 and p > 0), we have

{g%} = G 70 (] (D) - if 1 (D)}
_ _jptl s
o = Zi”“ O (T (D) + i 41 (D)}

(35)

3. NUMERICAL EXAMPLES AND DISCUSSION

Numerical calculation is implemented in the frame of OLA,
by constructing a C++ program for the evaluation of the

>

(29)

BSCs of the elliptical Gaussian beam given in Eq. (29). In order
to make a comparison with the ILA method, we also construct
a C++ program using the adaptive Simpson’s method to com-

pute the integral of Eq. (4), which is modified to

4 _ﬁ 2 cos ¢ )
(§m) =52 [T (S ) cotcimiraa, @0

7 0 s2(11\/2 -Xo)?
l/_/?)h — l@ exp{ ’ &y }%Z(QL){;)CZ(SIH ¢C?SY7()))2 0) }
(37)

In the first part of the numerical computation, we use the
parameters of the elliptical Gaussian beam of [23], namely, 1 =
0.5145 pm (the argon laser), wg, = 3 mm, and wy, = 2 pm.
The corresponding confinement parameters along the x- and
y-axes are s, = 5.5x 107 and sy = 4.1 x 1072 to which the
localized approximation based on the Davis first-order approxi-
mation can be applied [16,17]. The parameters of the beam’s
location are xy = y, = 0 and z; = 0.2 mm for the on-axis
case and xg = 0, y, = 16.5 pm, and z; = 0.2 mm for the off-
axis case. Numerical results are shown in Figs. 2 and 3, which
show a complete match between the LA and the ILA methods.
And these results agree well with Figs. 3 and 4 of [23].
Computation of the results in Fig. 2 costs about 0.17 s for
the ILA (five designed significant digits) and 0.045 s for the
LA, on a personal computer powered by a 3.2 GHz CPU.
The computation of Fig. 3 costs 0.12 s and 0.046 s, respec-
tively. This means the LA is about 3 times faster than the ILA.

(34)

It is found that, for the parameters used in the above exam-
ples, the ILA can compute the BSCs for the low azimuthal
modes (say |m| <15) and obtain reasonable results.
However, the ILA computation of the BSCs with higher azi-
muthal modes is extremely slow. It is evident that ' cos ¢
or il sin ¢ change slowly via the variation of the azimuthal
angle ¢ but exp(-imep) oscillates very fast for the high azimu-
thal mode number 7. According to Simpson’s rule, more points
are required for the convergence of the integral if the integrand
is strongly oscillatory, which slows down the computation
speed. In addition, the integral in Eq. (36) decreases gradually
when the azimuthal mode number increases and so do the
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the LA results:
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Fig. 2. Results of ! computed by the LA (labeled with lines) and
ILA (labeled with dots) for 4 = 0.5145 pm, @y, = 3 mm, @y, =
2 pm, xg = 0, yy = 16.5 pm, and z; = 0.2 mm.

the LA results:

Re{g lﬂ,TM} the ILA res?lts:

=014 e m{g' .} " Reig, )
—=Relg .} . Im{gi,,_m}

------ Im{g', .} * Relg

X }

Beam Shape Coefficients g
=
(=]

.
=
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partial wave number »

(=}

Fig. 3. Results of g} computed by the LA (labeled with lines) and
ILA (labeled with dots) for A = 0.5145 pm, g, = 3 mm,

@y, =2 pm, xg =y, = 0, and 2 = 0.2 mm.

BSCs. This means the result is a subtraction between some
large values, which leads to the loss of significant digits. For
example, the double precise corresponds to 15 significant
digits. If the value of the integral is 10 orders less than the maxi-
mum of the integrand, the integral computation with the five
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designed significant digits will not converge. A numerical
example of the BSC |g7"1y| computed with the TLA is shown
in Table 1, making a comparison with the maxima of the
integrand:

YA
1,y TM = max ‘ 2—”5’201/'/%}‘ sin ¢ exp(—im¢).. (38)
b3

In this computation, we use the same parameters of Fig. 2
and the partial wave number is 7 = 50. The integration is
extremely slow for those high azimuth modes when |g7\,| <
1071°7,,, . We also construct another C++ program for
the ILA calculation of the BSCs, wherein the adaptive
Simpson’s method is replaced by the adaptive Gaussian—
Kronrod quadrature method. However, this does not improve
the situation.

Evaluation of BSCs with the LA relies on the computation
of the Bessel functions of the first kind for integer orders and
complex argument, /,(#). Since the Bessel functions satistying
the relationship /_,(#) = (-1)?/,(u), only those functions of
positive orders are computed. When the argument is very small,
e.g., [u| <2,/p, the Bessel function can be computed by using
the Taylor series expansion due to its fast convergent speed. For
large argument (say |u| > p?/4), the Bessel function can be
computed by the Hankel’s asymptotic expansion [34], which
is expanded into the reciprocal form of the argument .
Alternatively, the Bessel functions can be computed by using
the downward recurrence starting from two consecutive high
orders [35-37]. The values of the starting orders can be arbi-
trarily chosen, e.g., /,11 = 0 and /, = €, + i€,, where €, and
€, are small values. According to Toit’s work [35-37], the start-
ing point should be high enough so that the recurrence
converges to the correct values soon. Since the starting values
of the Bessel functions are arbitrarily chosen, the normalization
must be applied to the resultant values. A proper choice of the
method for computing the Bessel function may speed up the
evaluation of the BSCs.

It should be noted that, if the imaginary part of the argu-
ment (i.e., |Im(#)|) is very big, the Bessel function of low orders
J () may overflow. This may happen in the evaluation of the
BSCs in some exotic cases, since the arguments F and D are
proportional to (7 + 0.5) and its square, respectively [see
Egs. (30) and (33)]. In order to prevent the overflow, we prefer

Table 1. Comparison between the BSCs |g;'ry| and the Maxima of the Integrand I, n®

Azimuth Mode Number m BSC |27l Max. 1, v 1Z sl / Lum, Tt Speed (ms)
1 1.143615 x 1072 3.106450 x 1072 3.681421 x 107! 0.056
3 1.625821 x 10°° 1.244003 x 1079 1.306927 0.083
5 3.386650 x 10~% 4.844763 x 1079 6.990333 x 107! 0.109
7 2.504262 x 10713 1.895064 x 10712 1.321466 x 10701 0.109
9 1.037864 x 10717 7.486012 x 10716 1.386405 x 1072 0.108
11 2.898632 x 10722 2.957915 x 1071 9.799578 x 1074 0.109
13 6.012181 x 10727 1.157939 x 10722 5.192142 x 107 0.109
15 9.829389 x 10732 4.529312 x 10726 2.170172 x 107% 0.215
17 1.318535 x 10°3¢ 1.781969 x 1029 7.399313 x 1078 0.217
19 1.493551 x 104! 6.981316 x 103 2.139354 x 1079 0.218
21 1.459820 x 1074 2.745186 x 1073° 5.317744 x 10711 0.537

“The values are presented with six significant digits. The integration is designed with five significant digits.
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(a) the ILA results:
—®—Relg” )
:\Mr 2.0x10™" 4 e Im{g‘i,_w}
15
8 TATRelg
o
g }
‘é 0.0
Q
j=%
<
=
7]
% 34
m -2.0x107"
T T T T ]
0 100 200 300 400 500
partial wave number n
3.0x107 1 (b) the LA results:
2.0x107 4
oo 1.0x107 1
2z
=]
20
3] 0.0+
i
o
< 1.0x10™ 1
g
ﬁ 73
-2.0x107" 4
g
2
-3.0x107 ; T T ; .
0 100 200 300 400 500

partial wave number n
Fig. 4. Results of g! computed by (a) the LA and (b) ILA for
A=0.5145 pm, @, =3 mm, @y, =2 pm, x; =y, =5 pm,
and z; = 0.2 mm.

to compute the Bessel functions multiplying by a prefactor.
Notably, we compute ¢™®)1 7 ,(F) and eIy P(D) instead
of the direct computation of the Bessel functions. As the
corresponding compensation, we compute B+ Im(D)] 77
instead of Z7.

In addition, we should point out that, since the BSCs can be
formulated into the Bessel functions as we have presented in
Eq. (29) and the Bessel function can be expanded into the
Taylor series, the triple summations derived in [25] contain
such Taylor series. And we have known that the Taylor
series expansion of the Bessel function /,(#) is of low conver-
gence when || > 2 /p. Therefore, it is not difficult to under-
stand that the triple summations in the LA lacks stability in
numerical computation of the BSCs and the compact formu-
lation of the BSCs presented in this paper can avoid such a
disadvantage.

Numerical computations are also performed with the
parameters A = 0.5145 pm, @y, = 3 mm, @y, = 2 pm, xy =
Yo =5 pm, and z; = 0.2 mm. The azimuthal number m
increases from 0 to 50 and the partial wave number 7 changes
from 72 to 500. The LA calculation is able to obtain reasonable
results and the compurtational speed does not change visibly.
The CPU time for a run of a single BSC is about 0.06 ms
on average. However, the ILA calculation starts to break down
when m > 15. An example is shown in Fig. 4. The BSCs
calculated with the ILA are incorrect for those 7 ~ # and this
becomes more serious when 7 increases further.

Further evaluation of the BSCs with the proposed LA
formulation is implemented for the elliptical Gaussian beam of
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Fig. 5. Beam profile reconstructed with the localized approxima-
tion. (a) 3D surface plot, (b) the contour, and (c) a comparison be-
tween the reconstructed profile and the Davis first-order beam
approximation along the x-axis.

parameters 4 = 0.5145 pm, @y, = 5 pm, and @y, = 10 pm.
The results are identical to those of [25] and very close to the
BSCs evaluated by using the quadrature method.

In Fig. 5, the electric field of the incident elliptical Gaussian
beam in the waist plane is reconstructed by using the BSCs
computed with the LA method. The beam center is located
at xg = 20 pm and y, = 10 pm. The radii of the beam waist
are @y, = 10 pm and @y, = 20 pm along the x- and y-axes.
The surface plot of Fig. 5(a) shows the dominant part of the
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elliptical Gaussian beam, the echo-peaks at the low level, and
the background. In Fig. 5(b), only the dominant part of
the beam ranging from 107 to 1 is plotted. The 0.368 level
corresponds to the widths of the beam. Figure 5(c) makes a
comparison between the reconstructed field and the original
elliptical Gaussian beam along the x-axis. The reconstructed
field is identical to the Davis first-order approximation of the
original beam in the range of |x - x| < 3®,,. The LA produces
tiny echo-peak outside the dominated part of the beam,
as shown in Figs. 5(a)-5(c) [16,17]. The background at the
level of 107 is caused by the round-off errors in the numerical
computation.

4. CONCLUSION

In this work, we obtain a compact formulation of the beam-
shape coefficients for an elliptical Gaussian beam, which is
given in terms of the Bessel functions. The formulation exhibits
good properties of speed, reliability, and stability in numerical
computation, compared with the expanded expression (i.e.,
multiple summations of series) and the integral localized
approximation. With this formulation, the beam profile can
be reconstructed satisfactorily for the dominated part of the
elliptical Gaussian beam. Numerical computation is imple-
mented in the frame of the OLA but the proposed formulation
is also applicable to the MLA with slight modification.
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